We present a realistic scheme for how to construct a single-photon transistor where the presence or absence of a single microwave photon controls the propagation of a subsequent strong signal signal field. The proposal is designed to work with existing superconducting artificial atoms coupled to cavities. We study analytically and numerically the efficiency and the gain of our proposal and show that current transmon qubits allow for error probabilities ∼ 1% and gains of the order of hundreds.
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In analogy with electronic transistors, a single photon transistor is a device where the presence or absence of a single gate photon controls the propagation of a large number of signal photons [1, 2] . Such devices would represent a milestone enabling a plethora of new approaches for processing light, but their realization is hampered by the absence of interactions between photons. A promising route towards strong interactions at the single photon level consists of coupling propagating photons to individual atom-like systems [3] [4] [5] [6] [7] [8] [9] . The best realization of such a coupling is achieved in the microwave regime where experiments have demonstrated an unprecedented control of the coupling between superconducting artificial atoms and microwave photons [10, 11] . In this letter we describe how to realize a single photon transistor based on existing superconducting technology. The resulting devices can be directly employed to detect individual itinerant microwave photons, and may find a range of applications within quantum information processing.
Various protocols for single photon non-linearities, quantum gates, and transistors using superconducting systems have been proposed [12] [13] [14] [15] , but have relied on unconventional qubit designs, multiple qubits and isolators, or temporal switching of parameters. A different method to construct the desired single photon transistors was described in Ref. [1] , and realized in the optical regime in Ref. [2] . The atomic level structure used in that work is, however, not compatible with current superconducting artificial atoms (for convenience these will be referred to as atoms below). Here we show how to realize this proposal for a three level ladder (Ξ) system coupled to a superconducting cavity. This is the generic level scheme for the so-called transmon [16] [17] [18] [19] [20] and phase qubits [21] which essentially constitutes anharmonic ladders.
We focus on the three lowest levels of the system. We assume that the Ξ-system is sufficiently anharmonic such that the cavity is resonant with the upper transition between states |g and |e , which has a coupling constant g, but off-resonant from the lower transition between |f and |g , see Fig. 1 (a) . For now, we ignore the cavity coupling on the lower transition, deferring the discussion of this off-resonant cavity coupling to later. With this arrangement, we can be in a regime where there is a strong cavity enhancement of the decay of the upper level |e via the Purcell effect, such that it decays rapidly compared to the two lower levels |g and |f . In essence, this combined system of the Ξ-atom and the cavity thus has two metastable levels (|f and |g ) which mimic the stable states of the Λ-type atom in the proposal of Ref. [1] . To control the system the transition between |f and |g is driven by a classical field. Below we describe how these ingredients allow us to implement a single photon transistor. For simplicity we discuss the scheme for a two sided cavity with identical (photon) decay rates κ to modes propagating to the left and right. Alternatively, the scheme could be realized with a single sided cavity if additional linear optics elements are used [22] .
We describe the system using the "quantum jump" approach [30] , where the evolution is described by a nonHermitian Hamiltonian interrupted by quantum jumps at random times. The non-Hermitian Hamiltonian is given by
where the first three terms are the free energy and the last term of the second line is the interaction between the atom and the cavity. The last term is the interaction between the cavity and the external fields, which are represented by operatorsb L andb R for the field modes on the left and right side of the cavity and κ is the total decay rate of the cavity field into the continuum. We assume a linear dispersion relation for the waveguides modes, where c is the velocity of the photons and κ is assumed to be frequency independent. The decay rate of the mth level γ m represents both relaxation (T 1 ) processes and pure (T 2 ) dephasing (see supplemental material for details on the decoherence model [32] ).
The protocol consists of two steps: first the interaction of the system with the gate photon, and second, sending in a multi-photon signal field. A key ingredient in our scheme is the difference in the scattering dynamics for photons scattering off the cavity conditioned on the state of the atom. If the atom is in state |f it does not interact with the cavity field and the incoming resonant photon is transmitted through the cavity. On the other hand, if the atom is in state |g the atom and the cavity form dressed states at frequencies ω c ± g, where ω c is the cavity frequency. An incoming photon at the undressed cavity frequency will be off-resonant and will be reflected. The state of the atom thus controls whether the cavity is transmitting the signal or not and thereby acts as a switch.
We can realize the single photon transistor if we can flip the state of the atom conditioned on the presence of a photon in the first gate pulse. To do this we use the procedure proposed in Ref. [23] and realized in Ref. [24] : We start with the atom initialized in the state |Ψ 0 = 1/ √ 2(|g + |f ) using the classical field on the transition between |g and |f . Then we send in the gate pulse containing a single photon or not. By taking this gate pulse to be sent in symmetrically as shown in Fig. 2 (a) we ensure that we cannot determine the atomic state from whether the pulse has been transmitted or reflected. There is, however, a phase difference between the reflection and transmission such that in a suitable rotating frame the whole evolution is [23] 
where |0 (|1 ) denotes a zero (one) photon state of the field. Since the phase of the superposition now depends on the absence or presence of a single photon we can use a π/2-pulse on the |f → |g transition to map this onto the atomic population. The overall transformation in the first step is then given by
which exactly realizes a conditional flip of the atomic state. The second step consists in sending in signal photons from the left as shown in Fig. 2 (b) . Since the transmission or reflection of these photons is determined by the atomic state, the presence or absence of a photon in the first step controls the transmission in the second step. Hence the whole procedure implements a single photon transistor where the gate field controls the propagation of the large signal field for a time only limited by the lifetime T 1 of the atomic populations. In the following we make a detailed analysis of the protocol in the presence of imperfections (extending the analysis of Ref. [23] where the protocol was mainly studied numerically). For the first step of the protocol we have a single incoming photon and we can expand the entire wave function on suitable basis states. The Schrödinger equation with the Hamiltonian (1) then results in two sets of differential equations for the amplitudes corresponding to the system starting in each of the uncoupled states |g and |f . From solving the equations we find the reflection coefficient r(k) for a photon with wavenumber k when the atom is in state |g [32] 
Here δ(k) = ck − ω c and Γ = (γ e − γ g )/2. This reflection coefficient is approximately unity in the regime we are interested in g √ κΓ, √ κδ, δ. Similarly, the transmission amplitude is found to be
which vanishes in the same limit. When the atom is in state |f the transmission and reflection coefficient can be found by setting g = Γ = 0 in the above expression and for κ δ these can be then approximated to be r ≈ 0 and t ≈ −1. These results justify the evolution in (2) provided that the bandwidth of the pulse is smaller than min(κ, g 2 /κ). [Above we have rescaled all amplitudes by exp(γ g t/2) and exp(γ f t/2) to remove the damping of the levels |g and |f ].
To get a concrete estimate of the functioning of the transistor we assume the incident gate pulse to have a Gaussian temporal profile
with a width σ T . We restrict the dynamics to a finite time interval [0, T ] and choose the ratio n = T /σ t sufficiently big, e.g., n = 8, that we can ignore the pulse area outside this interval. Assuming equal probabilities to receive a photon or not during the first step we find the average error probability for setting the qubit cavity system
(7) This result is valid in the limit where all terms are small. It accounts for three sources of error: The first term is given by the decoherence of the levels |g and |f . The second term represents the fact that the cavity is not ideal (since this term accounts for decoherence while in state |e and the full decoherence of level |g is included in the first term, it is only the additional decoherence γ e − γ g which appears here). The third term is the error due to the finite bandwidth of the pulse which causes an imperfect phase shift with the atom. This term is minimized for κ = g, which ensures that the dispersion relation for photons at the central frequency is the same regardless of whether the atom is in state |f or |g . At κ = g the outgoing photon wave packets will thus have the same group delay ensuring a maximal overlap, and the error probability only involves a higher order term 1/(κσ T ) 6 . With this choice the transistor is efficient for any pulse of temporal width 1/g σ T 1/n(γ g + γ f ).
So far we have assumed that the coupling between the two lower states can be neglected. The detuning ∆ of the cavity from the lower transition equals the anharmonicity of the atom and for large ∆ the coupling can be taken into account by adding an additional error to the first step P err ≈ ... + 1 4κ nσ T , whereκ = g 2 κ/(∆ 2 + κ 2 ) and g is the induced decay rate and coupling constant on the lower transition [32] . Experimentally the best coherence properties are currently reached for transmon qubits which have a rather low anharmonicity ∆ ∼ g [18] [19] [20] . For typical experimental parameters g ∼ g and the induced decay would be highly detrimental. It will thus be desirable to reduce the coupling constant (e.g., by placing the atom near a field antinode) to suppress the offresonant coupling. For a given superconducting system characterized by the anharmonicity ∆ and the decoherence rates {γ i } we can then optimize the performance of the transistor by simultaneously optimizing the coupling constant and the pulse duration. Assuming κ = g [and including higher order terms omitted in Eq. (7)] we find that the optimal error scales as P 1 ∼ ((γ g +γ f )/∆) 4/7 . In practice the condition g = κ may not be perfectly fulfilled due to fabrication imperfections etc. To characterize this we introduce a small parameter α = (κ − g)/g, optimize the error probability assuming that we are limited by α, and find
The full error will then be ∼ max(P 1 , P 2 ) (for further details see supplemental material [32] ). These expressions show that the error rate can be quite low for realistic systems for which ∆ γ i . In particular, recent experiments with 3D confined transmon qubits have shown long coherence times. Taking parameters from Ref. [18] we find that the error rate can be less than 1% for an imbalance |α| 10% (error 1.2% for the parameters of Ref. [19] ). In Fig. 1  (b) we show the results of a direct numerical simulation of the first step of the protocol along with a detailed analytical theory and the approximate optimization. The results are seen to be in very good agreement. Alternatively, the proposal could also be implemented for transmon systems not confined to 3D cavities. Taking the parameters of Ref. [20] we find an optimal error of 3.3%.
We now turn to the second step. Here we consider sending in a coherent state of constant amplitude for a time T . This pulse is resonant with the cavity, but the transmission depends on the atomic state induced by the first signal pulse. The strongest difference in the distribution of the outgoing photons is obtained by sending in a strong beam resonant with the cavity with an intensity I g 2 /κ. If the atom is in state |f it essentially does not participate in the scattering dynamics and the cavity is just transmitting. If the atom is in state |g the interaction shifts the cavity out of resonance and the light is reflected. Dealing with this situation in full detail is quite complicated and we therefore limit our calculations to a steady state calculation, which ignores dynamics on a time scale of 1/κ T (similar to the calculation in Ref. [31] ). We numerically solve the density matrix equation in steady state for various incoming intensities, and evaluate the reflected and transmitted intensities from the steady state solution [32] . With this we find that for κ ∼ g the maximal reflected intensity I R saturates in the range I R = g 2 /4κ to I R = g 2 /2κ for strong incoming intensities I IN g 2 /κ and small atomic decay γ i κ as show in Fig. 3 . The same conclusion is reached from a perturbative calculation valid for strong driving (see supplemental material [32] ). Taking the lower of these two values, the gain of the transistor G, defined as the difference in the reflected number of photons condition on an incident photon, is given by G = T g 2 /4κ. The time T is limited by the decay of state |g to |f . The largest average gain is found for T T 1 where we obtain G = T 1 g 2 /4κ. Taking the optimized settings derived for the first step of the protocol we find gains of G ≈ 783, 570, and 116 for the numbers of Refs. [18] , [19] , and [20] , respectively. This last step represents the slowest part of the procedure which thus limits the duty cycle of the transistor, but the speed can be increased by reducing T at the expense of also reducing the gain. For weak incoming intensities the reflected intensity is equal to the total incoming intensity, but saturates in the range g 2 /4κ (dotted line) to g 2 /2κ as the intensity is increased. We have assumed κ = g, and that we only have population decay of the upper level at a rate γe = 1.3 · 10 −3 g corresponding to the values in Fig. 1 with γe = 2γg. The saturation of the reflected intensity provides an upper limit to how well one can distinguish an atom being in |g from an atom being in |f which has a vanishing reflection. This saturation thus limits the gain of the transistor. (b) Alternative implementation based on a two-level system coupled to a cavity. Taking the subsystem to have a vacuum Rabi couplingg, the nonlinearity of the Jaynes-Cummings Hamiltonian can mimic our example three-level system. Denoting the atomic levels byg,ẽ and the subsystem cavity Fock states with0, etc., we identify |f = |g,0 , |g = (|g,1 − |ẽ,0 )/ √ 2, |e = (|g,2 − |ẽ,1 )/ √ 2. This yields an anharmonicity parameter ∆ = 2g(1− √ 2), while the coupling for the effective three-level system g is determined by the coupling of the anharmonic cavity-subsystem to another cavity and can be as large as desired by appropriate cavity design.
In summary, we have shown that using superconducting circuit QED it is possible to realize a working photonic transistor sensitive to only a single incoming microwave photon. The device can readily be implemented with existing technology. We have focussed on an implementation based on a three level artificial atom but alternatively the procedure could also be implemented in a two-level system in the strong dispersive regime [19, 25] or by using a setup similar to [26] to mimick the threelevel atom by a two-level atom strongly coupled to an optical cavity as outlined in Fig. 3 (b) , opening up our transistor technique to a wide variety of additional systems. An immediate application of the device proposed here would be the efficient quantum non-demolition detection of individual itinerant microwave photons. In addition, the device could easily be incorporated into many quantum information protocols working as an efficient processor of information encoded in the photon field. As a particular example, for higher incident photon numbers the device will serve as a parity detector, detecting the parity of the incident photon number [27] . This is an important primitive for several suggested continuous variable quantum information protocols [28, 29] .
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